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Applications of quantum graphs:

models of nanosized graph-like systems
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Models of graph-like structures (thickness ~ nm)

Real system Model: quantum graph
electron on an object particle on a graph

from thin wires
(semiconductors etc.)

d2
H=—A H=—--=
=- dx?
3-D 1-D

= simpler analysis
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Calculations of spectra of molecules

Naphtalene molecule (CioHsg)

® — carbon atom ® — hydrogen atom
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Calculations of spectra of molecules

Naphtalene molecule (CioHg) - skeletal formula
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Calculations of spectra of molecules

Naphtalene molecule (CioHsg)

Ruedenberg and Scherr (1953):

This graph is a good model of the C1oHg molecule.
(The spectrum obtained with an error ~10%.)
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Applications of quantum graphs

@ Study of nanosized objects (molecules, nanoparticles)

e spectral properties
e scattering properties

o Characteristics of new materials (graphene, graphene
nanotubes etc.)

@ Description of propagation of waves in waveguides
(because quantum graphs and waveguides have similar
features)
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Periodic quantum graphs
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Periodic quantum graphs

Applications of periodic quantum graphs:
@ models of natural crystalline materials

@ study and design of new materials

Typical spectral property of periodic quantum graph systems
@ the spectrum has a band-gap structure

The arrangement of bands and gaps in the spectrum of a
periodic graph depends on

@ topology of the graph

@ lengths of the edges

@ couplings in the vertices (i.e., point potentials in the vertices)
@ potentials on the edges

Nevertheless, the relation between the these parameters and the
arrangement of gaps is generally not well understood yet.
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Example:

Spectrum of a dilated honeycomb network
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Dilated honeycomb network

Potential on the edges: 0 (free motion)

Potential in the vertices: § potential of strength «
(i.e., Dirac delta function multiplied by «)
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Dilated honeycomb network

Potential on the edges: 0 (free motion)

Potential in the vertices: § potential of strength «
(i.e., Dirac delta function multiplied by «)

Hamiltonian: H : v — —¢"

¥1(0) = ¥2(0) = = 9(0),  ¥i(0)+v(0)+ = ay(0)
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Discrete spectrum

Proposition

k? e op(H) < ka, kb, kc - integer multiples of 7.
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Discrete spectrum

k? e op(H) < ka, kb, kc - integer multiples of

op(H)#0 <  a,b,c are commensurable numbers
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Continuous spectrum: Floquet-Bloch decomposition

Elementary cell:

H:¢p —1", hence k’co(H) < —¢"=k%)

= ) =G GeT j=0,1.2
vi(x) = DJ-'"eikX + Dj_e_ikx j=12
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Boundary conditions in the vertices

Potential § in the vertices:

p1(e) = p2(e) = tho(e) P1(e) = 12(e) = 1o(e)
—p1(0) — pa(e) + p1(e) = api(e)  Yi(e) + Y3(e) — Yp(e) = ago(e)
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Floquet—Bloch conditions

Flogquet—Bloch conditions

(o) = ey (o) 1ha(e) = €3 ()
P (e) = e (o) () = €% (o)

for certain 01,0, € (—m, 7).
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Spectral condition

We have: 10 unknowns ( j+7 ¢ ,j=012 DJ.+7 D j= 1,2)
10 equations (b.c., F.-B. conditions)

k? € o.(H)
& there is a nontrivial solution (Cji, Dji)
1 1 -1 -1
i(bk*@l) ei(*bkfal) _ei(Ckfaz) _ei(fckfez)
& det . . =0
ms1 ms3z 1 —1
May Mas _ipl(ck=02)  ai(—ck—02)

for certain 61,6, € (—m, |, where

e—i(=1)fak  o—i((~1)"bk-+01)

m f— — g
3¢ sin ak k
—i((=1)¢
o —— (T et 11 _ & oi((-1) bkt61)
40 = - €
sin ak k
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Spectral gaps

E = k? is in a spectral gap, if it holds (1) or (2):

(1):
S 1 N 1 n 1
|sinak| = |sinbk| = |sin ck]

‘cotg ak + cotg bk + cotg ck + %’

(2):

’cotg ak + cotg bk + cotg ck + %‘ <

9 ma 1 1 1 1 n 1 n 1
X —_—
|'sin ak|’ |sin bk|’ |sin ck| |sinak|  |sinbk|  |sin ck|
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Gaps in negative spectrum

E = —k? is in a spectral gap, if it holds (1) or (2):
(1):

1 1 1
sinh ax * sinh b * sinh ck

‘coth ax + coth bx + coth cx + 2‘ >
K
(2):

2 1 1 1
‘coth ak + coth bk + coth cx + g‘ <
K

sinh Emn_sinh ak  sinh brx sinhck

where (,, := min{a, b, c}.

Proposition

The negative part of o(H) contains a gap adjacent to zero exactly
in the following two cases:
o la|>24+242;

2 1 1 1 2 2 2 2 2
@ ~— > -+t : A s+s+Z -7 <|Oé’<

min
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b b
Let b = c. \ ‘
e (1):
o 1 2
tg ak + 2 cotg bk f‘> _ :
’coga T 2cote +k ]smak]—I_]smbk\

e (2):

1
|sinak| |sin bk]| ”

)cotg ak + 2 cotg bk + %

We set 0 = 7.
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“Badly approximable” and “Last admissible” irrational

numbers

0 € R\Q is called badly approximable if

dv>0: ’9—’3‘ J

> — Vp,geN
q q

0 € R\Q is called Last admissible if

Jinteger seq. {pn}toey  {@n}pey @ lim g2 10— Pnl _

n—oo

9n

Remark: badly approximable U Last admissible = R\Q
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Condition (1) for b= ¢

(1): ‘cotgak+2cotgbk+%‘ >|s,ir117314+ﬁ
number
« 0:=2% of gaps
(1)
0 any 0
#0 €Q
;é 0 Last admissible 00
la] > 2\[ min{2, 1} | badly approximable
0<|al <ap badly approximable | < oo
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We aim to prove that for o« = 0, the condition

« 1 2
1) - ) tg ak + 2 cotg bk f’ > :
(1) cotg ak + 2 cotg +k \smak|+\smbk|
has no solution for kK > 0.
0 |cotg ak + 2 cotg bk| > = + :
=0: cotg a co
“ 8 8 sin ak| " [sin bk|
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We aim to prove that for o« = 0, the condition

’ 1 2

o'
1) |eotgak+2cotg bk + o] > .
(1) cotg ak + 2 cotg b+ >\smak|+\smbk|

k

has no solution for kK > 0.

1 2
=0: tg ak + 2 cotg bk
“ [cotg ak +2.cotg bk| > o+ 1o hK]
Trivially:
1 2
| cotg ak + 2 cotg bk| < | cotg ak|+ 2| cotg bk| < — + —
|sinak| ~ |sin bk|

1 n 2
|sinak|  |sin bk]|

hence |cotg ak + 2 cotg bk| #

= no gaps
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Proof, case 6 €

: 1 2
(1): ‘cotgak—i—Qcotgbk—i—%‘ > Tenakl T e BA
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Proof, case 6 €

. 1 2
(1): ‘cotgak—i—Qcotgbk—i—%‘ > Tenakl T e BA
2€Q = 3JL>0,3cmeN:alm,bLm - even numbers

Let k=Lmr+sgn(a)-6 ford>0 <1
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Proof, case 6 €

. 1 2
(1): ‘cotgak—i—Qcotgbk—i—%‘ > Tenakl T e BA
2€Q = 3JL>0,3cmeN:alm,bLm - even numbers

Let k=Lmr+sgn(a)-6 ford>0 <1

cotg ak = cotg a(Lmm + sgn(a)d) = sgn(«) - | cotg ad|
cotg bk = cotg b(Lmm + sgn(a)d) = sgn(«) - | cotg bd|
o

) e L —
K~ Ema Lmm + sgn(a)d’

|sinak| = |sinad|, |sin bk| = |sin bd|
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Proof, case 6 €

: 1 2

(1): |cotg ak + 2 cotg bk + ¢ | > Tsnak] T TsnBA]

2€Q = 3JL>0,3cmeN:alm,bLm - even numbers
Let k=Lmr+sgn(a)-6 ford>0 <1

cotg ak = cotg a(Lmm + sgn(a)d) = sgn(«) - | cotg ad|
cotg bk = cotg b(Lmm + sgn(a)d) = sgn(«) - | cotg bd|

j:sgn(a)-mf:gn(a)é, |sinak| = |sinad|, |sin bk| = |sin bd|
1 1 ||

1 ————|cotgad|+2 | ——— — |cotg bd _—

(1) | sin ad| | cotg 0]+ (!sin bo| |cotg |> < Lmm + sgn(«a)o
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Proof, case 6 €

. 1 2

(1): |cotg ak + 2 cotg bk + ¢ | > Tsnak] T TsnBA]

2€Q = 3L>0, duomec N:alm,bLm - even numbers
Let k=Lmr+sgn(a)-6 ford>0 <1

cotg ak = cotg a(Lmm + sgn(a)d) = sgn(«) - | cotg ad|
cotg bk = cotg b(Lmm + sgn(a)d) = sgn(«) - | cotg bd|

j:sgn(a)-mf:gn(a)é, |sinak| = |sinad|, |sin bk| = |sin bd|
1 1 ||
1 ——— — | cotg ad| +2 | ————= — | cotg bo —_—
(1) | sin ad| | cotg a0] + <\sin bo| |cotg |> < Lmm + sgn(«a)d
=% =% ﬂ%:const>0
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Proof, case 6 €

. 1 2

(1): |cotg ak + 2 cotg bk + ¢ | > Tsnak] T TsnBA]

2€Q = 3L>0, duomec N:alm,bLm - even numbers
Let k=Lmr+sgn(a)-6 ford>0 <1

cotg ak = cotg a(Lmm + sgn(a)d) = sgn(«) - | cotg ad|
cotg bk = cotg b(Lmm + sgn(a)d) = sgn(«) - | cotg bd|

j:sgn(a)-mf:gn(a)é, |sinak| = |sinad|, |sin bk| = |sin bd|
1 1 o]
1) & ———— —|cotgad|+2 | —— — |cotgbd| | < ————F—=
(1) | sin ad| | cotg a0] + <\sm bo| |cotg |> Lmm + sgn(«)d
29550 =% =9 L‘,‘;L =const>0

Condition (1) is satisfied for k in a neighbourhood of mm for
infinitely many m.
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Proof, case 6 — Last admissible

: 1 2
(1): ‘cotgak+2cotgbk+%‘ > Tenak T B

_ pn

| =0

2-La. = F{pntoci. {anticr: limpsoo g2
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Proof, case 6 — Last admissible

: 1 2
(1): ‘cotgak+2cotgbk+%‘ > Tenak T B

_ pn

| =0

2-La. = F{pntoci. {anticr: limpsoo g2

{pPn}o2q s {qn}re can be chosen such that sgn (9 - %) = sgn(«)

Let 6 >0, 0 < 1, = 4% +sgn(a) - 6
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Proof, case 6 — Last admissible

: 1 2
(1): ‘cotgak+2cotgbk+%‘ > Tenak T B

_ pn

| =0

2-La. = F{pntoci. {anticr: limpsoo g2

{pPn}o2q s {qn}re can be chosen such that sgn (9 - %) = sgn(«)

Let 6 >0, 0 < 1, = 4% +sgn(a) - 6

1
|sin (2gnm + sgn(a)da) |

(1)< — | cotg (anﬂ' + sgn(a)éa) |

1 o
2| ——— — | cotg bd
(]sinbé! | cotg ’> < BT+ 0
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Proof, case 6 — Last admissible

: 1 2
(1): ‘cotgak+2cotgbk+%‘ > Tenak T B

_ pn

| =0

2-La. = F{pntoci. {anticr: limpsoo g2

{pPn}o2q s {qn}re can be chosen such that sgn (9 - %) = sgn(«)

Let § >0, § <« 1, = q’l’f +sgn(a)-d
(1) 1 |cotg (2 qum + sgn(0)0a) |
— | cotg | —qnm + sgn(a)da
|sin (2gnm + sgn(a)da) | E\p g
1 |al
2| ———= —|cotg bd| | <
(]smbé! | cotg ’> BT+ 0
1 a alb
“Gn, 0 —=>0: qp <a - cotgq,,7r|> +2q, - 0< lalb
|sin 2 qn| b T
~
a2 (922 gniof’o const>0
n qan

(1) satisfied for k in a neighbourhood of %4~ for all n.
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Proof, case 6 — badly approximable

(1): ‘cotgak+2cotgbk+%‘ > ﬁ-%ﬁ
(1) = F):=le({Z}5)|+2le ({5} 5)] <&

local minima of F(k): k = %, k = %
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Proof, case 6 — badly approximable

: 1 2
(1): ‘cotgak+2cotgbk+%‘ > Temak] T TsnBA

©) = FO:=le({x}3)+2le ()] <%

local minima of F(k): k = %, k = %

F(%) =l ({3 B)PHZmH?\G—”i’T”\m%#T

LT 1 la] |alb

o< () 1ol ()

Also: ]alg% = F(Z5) £ |al (2 )
0<af <ymmin{i L} = F)z vk>0 =no
spectral gaps
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Proof, case 6 — badly approximable

Theorem (Hurwitz): V6 € R\Q 3 {pn}ro; , {qn}rey

. n 1
Pnydn € N, limy o0 gy = 00, _% <\/gq%
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Proof, case 6 — badly approximable

Theorem (Hurwitz): V6 € R\Q 3 {p,} 2, , {q,,};’o 1

Pnydn € N, limy o0 gy = 00, Pn < \[Qn

{pPn}o2q » {gn}o2 can be chosen such that sgn (9 qn) = sgn(a)

Let 6 >0, 0 < 1, = &% +sgn(a) - 6
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Proof, case 6 — badly approximable

Theorem (Hurwitz): V6 € R\Q 3 {pn}ro; , {qn}rey

. n 1
Pnydn € N, limy o0 gy = 00, _% <\/gq%

{pPn}o2q s {gn}re can be chosen such that sgn (9 - %) = sgn(«)

Let 6 >0, 0 < 1, = &% +sgn(a) - 6

1
(1)< | sin (2gnm + sgn(a)da) |

— | cotg (%q,ﬂr + sgn(a)éa) |

o

1
2| ——— — |cotg bd
<|sinb6| | cotg ’><qg7r+6
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Proof, case 6 — badly approximable

Theorem (Hurwitz): V6 € R\Q 3 {pn}ro; , {qn}rey

. n 1
Pnydn € N, limy o0 gy = 00, _% <\/gq%

{pPn}o2q s {gn}re can be chosen such that sgn (9 - %) = sgn(«)

Let 6 >0, 0 < 1, = &% +sgn(a) - 6

1 a
1) & — |cotg [ —qgn 1)
) | sin (2gnm + sgn(a)da) | |cotg (bq ™+ sgn(@) a) |
o

1
2 ——— — |cotg bd
<|sinb5| | cotg ’><q”b7r+5
1 a la|b

— | cotg q,,7r]) +2q,-0 < —
b s

*dn;: 5 — 0 . dn <a
’S”] Eqnﬂ'|

~—
~q2(g—Pn )\ 1 .
~a3(0-22) 5<% 3

2 C g . o
|| > = Vn, (1) satisfied in a neighbourhood of %%

la| > e = (1) satisfied in a neighbourhood of 2%
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Condition (2) for b= ¢

: 1
(2): B ‘Smbk‘ |cotgak+2cotgbk+ k}
number
o 0=+ of gaps
()
0 any 0
#0 eQ < 00
#£0 Last admissible 00
|| > 4; badly approximable
0 < |a| < ag | badly approximable | <

Ondrej Turek On spectral properties of periodic quantum graph systems



Summary for b= ¢

Number of gaps in o(H):

number | number | number
re4 0:=% of gaps | of gaps | of gaps
(1) (2) (total)
0 any 0 0 0
#0 eQ 00 < 00
#0 Last admissible 00 00 00
large | badly approximable 00 00
small | badly approximable | < oo < 00 < 00
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© Quantum graphs are used as models of graph-like
nanostructures (including new materials).

@ Periodic quantum graphs have band-gap spectra.

© The number, size and positions of gaps depend on
topology of the graph

lengths of edges

couplings in vertices

potentials on edges

@ Each of this four properties may have a substantial effect on
the structure of gaps in the spectrum.

© The relation between the graph parameters and the structure
of gaps is not well understood yet, and is subject to further
examination.
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Thank you for your attention!
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