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Applications of quantum graphs:

models of nanosized graph-like systems
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Models of graph-like structures (thickness ∼ nm)

Real system
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Calculations of spectra of molecules

Naphtalene molecule (C10H8)

� skeletal formula

"
"
""bb

bb

b
b
bb"

"
""

b
b

bb""
""

"
"

""b
b
bb

x
"
""

x

x
b
bbx

x
b

bb
x

x
"

""x

~
~

~
~

~
~

~
~

~
~

x
x

x
x

x
x

x
x

• = carbon atom • = hydrogen atom

Ruedenberg and Scherr (1953):

This graph is a good model of the C10H8 molecule.

(The spectrum obtained with an error ≈10%.)
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Calculations of spectra of molecules
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Applications of quantum graphs

Study of nanosized objects (molecules, nanoparticles)

spectral properties

scattering properties

Characteristics of new materials (graphene, graphene

nanotubes etc.)

Description of propagation of waves in waveguides

(because quantum graphs and waveguides have similar

features)
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Periodic quantum graphs
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Periodic quantum graphs

Applications of periodic quantum graphs:

models of natural crystalline materials

study and design of new materials

Typical spectral property of periodic quantum graph systems

the spectrum has a band-gap structure

The arrangement of bands and gaps in the spectrum of a

periodic graph depends on

topology of the graph

lengths of the edges

couplings in the vertices (i.e., point potentials in the vertices)

potentials on the edges

Nevertheless, the relation between the these parameters and the

arrangement of gaps is generally not well understood yet.
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Example:

Spectrum of a dilated honeycomb network
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Dilated honeycomb network

a
c

b

b

a

c

Potential on the edges: 0 (free motion)

Potential in the vertices: δ potential of strength α
(i.e., Dirac delta function multiplied by α)

Hamiltonian: H : ψ 7→ −ψ′′

ψ1(0) = ψ2(0) = ψ3(0) =: ψ(0) , ψ′1(0)+ψ′2(0)+ψ′3(0) = αψ(0)
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Discrete spectrum

Proposition

k2 ∈ σp(H) ⇐ ka, kb, kc - integer multiples of π.

a
c

b

b

a

c

ψ(x) = sin(kx)
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Discrete spectrum

Theorem

k2 ∈ σp(H) ⇔ ka, kb, kc - integer multiples of π

a
c

b

b

a

c

Corollary

σp(H) 6= ∅ ⇔ a, b, c are commensurable numbers
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Continuous spectrum: Floquet-Bloch decomposition

Elementary cell:

ψ1

ψ2
ψ0

φ2

φ1

a
c

b

H : ψ 7→ −ψ′′ , hence k2 ∈ σ(H) ⇔ −ψ′′ = k2ψ

⇒ ψj(x) = C+
j e

ikx + C−j e
−ikx j = 0, 1, 2

ϕj(x) = D+
j e

ikx + D−j e
−ikx j = 1, 2
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Boundary conditions in the vertices

ψ1

ψ2
ψ0

φ2

φ1

a
c

b

Potential δ in the vertices:

ϕ1(•) = ϕ2(•) = ψ0(•) ψ1(•) = ψ2(•) = ψ0(•)
−ϕ′1(•)− ϕ′2(•) + ϕ′1(•) = αϕ1(•) ψ′1(•) + ψ′2(•)− ψ′0(•) = αψ0(•)

Continuity: ψ1(•) = ϕ1(•) , ψ′1(•) = ϕ′1(•)
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Floquet�Bloch conditions

ψ1

ψ2
ψ0

φ2

φ1

a
c

b

Floquet�Bloch conditions

ψ1(•) = e
iθ1ϕ1(•) ψ2(•) = e

iθ2ϕ2(•)
ψ′1(•) = e

iθ1ϕ′1(•) ψ′2(•) = e
iθ2ϕ′2(•)

for certain θ1, θ2 ∈ (−π, π].
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Spectral condition

We have: 10 unknowns (C+
j ,C

−
j , j = 0, 1, 2; D+

j ,D
−
j , j = 1, 2)

10 equations (b.c., F.�B. conditions)

k2 ∈ σc(H)
⇔ there is a nontrivial solution (C±j ,D

±
j )

⇔ det


1 1 −1 −1

e
i(bk−θ1) e

i(−bk−θ1) −ei(ck−θ2) −ei(−ck−θ2)
m31 m32 i −i
m41 m42 −iei(ck−θ2) ie

i(−ck−θ2)

 = 0

for certain θ1, θ2 ∈ (−π, π], where

m3` =
e
−i(−1)`ak + e

−i((−1)`bk+θ1)

sin ak
− α

k

m4` =
−e−i((−1)`(ak+bk)+θ1) + 1

sin ak
− α

k
e
−i((−1)`bk+θ1)
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Spectral gaps

E = k2 is in a spectral gap, if it holds (1) or (2):

(1):∣∣∣cotg ak + cotg bk + cotg ck +
α

k

∣∣∣ > 1

| sin ak|
+

1

| sin bk|
+

1

| sin ck |

(2):∣∣∣cotg ak + cotg bk + cotg ck +
α

k

∣∣∣ <
2max

{
1

| sin ak|
,

1

| sin bk|
,

1

| sin ck |

}
−
(

1

| sin ak|
+

1

| sin bk|
+

1

| sin ck |

)
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Gaps in negative spectrum

E = −κ2 is in a spectral gap, if it holds (1) or (2):

(1):∣∣∣coth aκ+ coth bκ+ coth cκ+
α

κ

∣∣∣ > 1

sinh aκ
+

1

sinh bκ
+

1

sinh cκ

(2):∣∣∣coth aκ+ coth bκ+ coth cκ+
α

κ

∣∣∣ < 2

sinh `mκ
− 1

sinh aκ
− 1

sinh bκ
− 1

sinh cκ

where `m := min{a, b, c}.

Proposition

The negative part of σ(H) contains a gap adjacent to zero exactly

in the following two cases:

|α| > 2
a + 2

b + 2
c ;

2
`min

> 1
a + 1

b + 1
c ∧ 2

a + 2
b + 2

c −
2
`min

< |α| < 2
`min

.

Ond°ej Turek On spectral properties of periodic quantum graph systems



Case b = c

Let b = c .

a

a

b

b

b

b

(1): ∣∣∣cotg ak + 2 cotg bk +
α

k

∣∣∣ > 1

| sin ak|
+

2

| sin bk|

(2):

1

| sin ak|
− 2

| sin bk|
>
∣∣∣cotg ak + 2 cotg bk +

α

k

∣∣∣
We set θ = a

b .
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�Badly approximable� and �Last admissible� irrational
numbers

θ ∈ R\Q is called badly approximable if

∃ γ > 0 :

∣∣∣∣θ − p

q

∣∣∣∣ > γ

q2
∀ p, q ∈ N

θ ∈ R\Q is called Last admissible if

∃ integer seq. {pn}∞n=1 , {qn}
∞
n=1 : lim

n→∞
q2n

∣∣∣∣θ − pn
qn

∣∣∣∣ = 0

Remark: badly approximable ∪ Last admissible = R\Q
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Condition (1) for b = c

(1):
∣∣cotg ak + 2 cotg bk + α

k

∣∣ > 1
| sin ak| + 2

| sin bk|

Theorem

number
α θ := a

b of gaps
(1)

0 any 0

6= 0 ∈ Q
6= 0 Last admissible ∞

|α| ≥ π2

2
√
5
min{2a ,

1
b} badly approximable

0 < |α| ≤ α0 badly approximable <∞
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Proof, case α = 0

We aim to prove that for α = 0, the condition

(1) :
∣∣∣cotg ak + 2 cotg bk +

α

k

∣∣∣ > 1

| sin ak|
+

2

| sin bk|

has no solution for k > 0.

α = 0 : |cotg ak + 2 cotg bk| > 1

| sin ak|
+

2

| sin bk|

Trivially:

| cotg ak + 2 cotg bk| ≤ | cotg ak|+ 2| cotg bk| ≤ 1

| sin ak|
+

2

| sin bk|

hence |cotg ak + 2 cotg bk|≯ 1

| sin ak|
+

2

| sin bk|
⇒ no gaps
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Proof, case θ ∈ Q
(1):

∣∣cotg ak + 2 cotg bk + α
k

∣∣ > 1
| sin ak| + 2

| sin bk|

a
b ∈ Q ⇒ ∃L > 0, ∃∞m ∈ N : aLm, bLm � even numbers

Let k = Lmπ + sgn(α) · δ for δ > 0, δ � 1

cotg ak = cotg a(Lmπ + sgn(α)δ) = sgn(α) · | cotg aδ|
cotg bk = cotg b(Lmπ + sgn(α)δ) = sgn(α) · | cotg bδ|
α

k
= sgn(α) · |α|

Lmπ + sgn(α)δ
, | sin ak| = | sin aδ| , | sin bk| = | sin bδ|

(1)⇔ 1

| sin aδ|
− | cotg aδ|︸ ︷︷ ︸

δ→0−→δ→0

+2

(
1

| sin bδ|
− | cotg bδ|

)
︸ ︷︷ ︸

δ→0−→0

<
|α|

Lmπ + sgn(α)δ︸ ︷︷ ︸
δ→0−→ |α|

Lmπ
=const>0

Condition (1) is satis�ed for k in a neighbourhood of mπ for

in�nitely many m.
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| sin aδ|
−| cotg aδ|+2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
Lmπ + sgn(α)δ

(1)⇔ 1

| sin aδ|
− | cotg aδ|︸ ︷︷ ︸

δ→0−→δ→0
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1

| sin bδ|
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Proof, case θ � Last admissible

(1):
∣∣cotg ak + 2 cotg bk + α

k

∣∣ > 1
| sin ak| + 2

| sin bk|

a
b � L.a. ⇒ ∃ {pn}∞n=1 , {qn}

∞
n=1 : limn→∞ q2n

∣∣∣θ − pn
qn

∣∣∣ = 0

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

· qn , δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2

n→∞−→ 0

+2qn · 0<
|α|b
π︸︷︷︸

const>0

(1) satis�ed for k in a neighbourhood of qnπ
b for all n.
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Proof, case θ � Last admissible
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∣∣cotg ak + 2 cotg bk + α

k
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| sin ak| + 2

| sin bk|

a
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∞
n=1 : limn→∞ q2n

∣∣∣θ − pn
qn

∣∣∣ = 0

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

· qn , δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2

n→∞−→ 0

+2qn · 0<
|α|b
π︸︷︷︸

const>0

(1) satis�ed for k in a neighbourhood of qnπ
b for all n.
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Proof, case θ � Last admissible
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b
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(
1

| sin bδ|
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<

|α|
qnπ
b + δ

· qn , δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
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≈q2n
(
θ− pn

qn

)
π
2

n→∞−→ 0

+2qn · 0<
|α|b
π︸︷︷︸

const>0

(1) satis�ed for k in a neighbourhood of qnπ
b for all n.
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Proof, case θ � Last admissible

(1):
∣∣cotg ak + 2 cotg bk + α

k

∣∣ > 1
| sin ak| + 2

| sin bk|

a
b � L.a. ⇒ ∃ {pn}∞n=1 , {qn}

∞
n=1 : limn→∞ q2n

∣∣∣θ − pn
qn

∣∣∣ = 0

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

· qn , δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2

n→∞−→ 0

+2qn · 0<
|α|b
π︸︷︷︸

const>0

(1) satis�ed for k in a neighbourhood of qnπ
b for all n.
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Proof, case θ � badly approximable

(1):
∣∣cotg ak + 2 cotg bk + α

k

∣∣ > 1
| sin ak| + 2

| sin bk|

(1) ⇒ F (k) :=
∣∣tg ({ak

π

}
π
2

)∣∣+ 2
∣∣tg ({bk

π

}
π
2

)∣∣ < |α|
k

local minima of F (k): k = mπ
b , k = mπ

a

F
(mπ

b

)
=
∣∣∣tg ({a

b
m
} π
2

)∣∣∣ > ∣∣∣{a
b
m
}∣∣∣ π

2
=

∣∣∣∣θ − ‖θm‖m

∣∣∣∣mπ2 > γ

m2

mπ

2

k ∈
[

(m − 1

2
)
π

b
, (m +

1

2
)
π

b

]
∧ m� 1 ⇒ |α|

k
≈ |α|b

mπ

|α| ≤ γπ2

2b
⇒ F

(mπ
b

)
≮ |α|

(mπ
b

)−1
Also: |α| ≤ γπ2

a ⇒ F
(
mπ
a

)
≮ |α|

(
mπ
a

)−1
0 < |α| ≤ γπ2min{1a ,

1
2b} ⇒ F (k)≮ |α|k ∀k > 0 ⇒ no

spectral gaps
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Proof, case θ � badly approximable

Theorem (Hurwitz): ∀θ ∈ R\Q ∃ {pn}∞n=1 , {qn}
∞
n=1

pn, qn ∈ N , limn→∞ qn =∞ ,
∣∣∣θ − pn

qn

∣∣∣ < 1√
5q2n

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

·qn; δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2
< 1√

5
·π
2

+2qn · 0 <
|α|b
π

|α| > π2

2
√
5b
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

b

|α| > π2

4
√
5a
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

a

Ond°ej Turek On spectral properties of periodic quantum graph systems



Proof, case θ � badly approximable

Theorem (Hurwitz): ∀θ ∈ R\Q ∃ {pn}∞n=1 , {qn}
∞
n=1

pn, qn ∈ N , limn→∞ qn =∞ ,
∣∣∣θ − pn

qn

∣∣∣ < 1√
5q2n

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

·qn; δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2
< 1√

5
·π
2

+2qn · 0 <
|α|b
π

|α| > π2

2
√
5b
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

b

|α| > π2

4
√
5a
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

a

Ond°ej Turek On spectral properties of periodic quantum graph systems



Proof, case θ � badly approximable

Theorem (Hurwitz): ∀θ ∈ R\Q ∃ {pn}∞n=1 , {qn}
∞
n=1

pn, qn ∈ N , limn→∞ qn =∞ ,
∣∣∣θ − pn

qn

∣∣∣ < 1√
5q2n

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

·qn; δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2
< 1√

5
·π
2

+2qn · 0 <
|α|b
π

|α| > π2

2
√
5b
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

b

|α| > π2

4
√
5a
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

a

Ond°ej Turek On spectral properties of periodic quantum graph systems



Proof, case θ � badly approximable

Theorem (Hurwitz): ∀θ ∈ R\Q ∃ {pn}∞n=1 , {qn}
∞
n=1

pn, qn ∈ N , limn→∞ qn =∞ ,
∣∣∣θ − pn

qn

∣∣∣ < 1√
5q2n

{pn}∞n=1 , {qn}
∞
n=1 can be chosen such that sgn

(
θ − pn

qn

)
= sgn(α)

Let δ > 0, δ � 1, k = qnπ
b + sgn(α) · δ

(1)⇔ 1

| sin
(
a
bqnπ + sgn(α)δa

)
|
− | cotg

(a
b
qnπ + sgn(α)δa

)
|

+ 2

(
1

| sin bδ|
− | cotg bδ|

)
<

|α|
qnπ
b + δ

·qn; δ → 0 : qn

(
1

| sin a
bqnπ|

− | cotg a

b
qnπ|

)
︸ ︷︷ ︸

≈q2n
(
θ− pn

qn

)
π
2
< 1√

5
·π
2

+2qn · 0 <
|α|b
π

|α| > π2

2
√
5b
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

b

|α| > π2

4
√
5a
⇒ ∀n, (1) satis�ed in a neighbourhood of qnπ

a

Ond°ej Turek On spectral properties of periodic quantum graph systems



Condition (2) for b = c

(2): 1
| sin ak| −

2
| sin bk| >

∣∣cotg ak + 2 cotg bk + α
k

∣∣
Theorem

number
α θ := a

b of gaps
(2)

0 any 0

6= 0 ∈ Q <∞

6= 0 Last admissible ∞
|α| ≥ 4π√

5a
badly approximable

0 < |α| ≤ α0 badly approximable <∞
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Summary for b = c

Number of gaps in σ(H):

number number number
|α| θ := a

b of gaps of gaps of gaps
(1) (2) (total)

0 any 0 0 0

6= 0 ∈ Q ∞ <∞
6= 0 Last admissible ∞ ∞ ∞
large badly approximable ∞ ∞

small badly approximable <∞ <∞ <∞
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Summary

1 Quantum graphs are used as models of graph-like

nanostructures (including new materials).

2 Periodic quantum graphs have band-gap spectra.

3 The number, size and positions of gaps depend on
topology of the graph

lengths of edges

couplings in vertices

potentials on edges

4 Each of this four properties may have a substantial e�ect on

the structure of gaps in the spectrum.

5 The relation between the graph parameters and the structure

of gaps is not well understood yet, and is subject to further

examination.
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Thank you for your attention!
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